We study possible generalizations of the little Fermat theorem when the base of the exponentiation is allowed to be a non-integer. Such bases we call Fermat factors. We attempt classification of Fermat factors, and suggest several constructions.
Introduction
The fundamental "little" Fermat theorem claims that for any integer m and prime p, We will be searching for Fermat factors explicitly given by expressions depending on m of algebraic degree not exceeding 3 (i.e. containing only square and cubic roots). The main result of our paper is given in the following theorem.
Theorem 1.3. (a) The number 1 has an infinite number of Fermat factors of arbitrary large algebraic degree.
(b) The number 2 has at least three Fermat factors of algebraic degree at most 3.
(c) Every natural number greater than 2 has at least four Fermat factors of algebraic degree at most 3.
Auxiliary Results
We will need the following simple results. Lemma 2.1. Let P (x) be a polynomial. Then
Proof. Straightforward.
The next reults follow from the Cauchy residues formula. Lemma 2.2. Let P (x) be a polynomial of degree k. Then for small enough ρ,
where ξ i , i = 1, 2, . . . , k, are the roots (with multiplicities) of the adjoint polynomial
Proof. Follows from the Cauchy theorem since for small enough ρ the function
1−P (w) has the poles outside the circle of radius ρ, and all of them are simple.
Lemma 2.3. Let P (x) be a polynomial, and P (0) = 0. Then
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Proof. By the Cauchy theorem for ρ small enough we have
Notice that the summation under the integral is possible since by P (0) = 0 the summands in the left sum are zero starting from some index j. Choose ρ small enough such that
This is again possible since P (0) = 0. Then the series j≥1 (P (w)) j−1 converges uniformly on the integration contour to the function
where ξ j are the roots of P * (x) (see (2.2)) with their multiplicities.
Then using Lemmas 2.2 and 2.3 we have
Polynomials with Special Properties
Definition 3.1. A sequence of polynomials P n , n = 1, 2, . . . , with integer coefficients is said to possess P-property if for every prime p all the coefficients of P p are divisible by p.
The next theorem provides a simple method to generate polynomials having P-property. 
Theorem 3.2. Let
Let moreover the sequence of polynomials R n (x) be defined by recurrence
with the initial conditions
where
Since T x (z) is the characteristic polynomial of (3.3) with no multiple roots, the general solution to (3.3) has form
By (3.4)-(3.6), we have
Since a system of linear equations defined by the Vandermonde matrix (notice that ξ j = 0 by (3.2) and all ξ j 's are pair-wise distinct) has a unique solution, this yields that c j = 1 for j = 1, 2, . . . , k. Thus
Notice now that T (z) = P * (z), where
Therefore, by Lemma 2.4 and (3.7),
It is well known that a polynomial is uniquely defined by its values at a set of points of size greater than the degree. Therefore, since E is an infinite set, (3.9) holds for all x.
It is left to notice that since a i (x), i = 2, . . . , k, are polynomials with integer coefficients, the power sums of their roots, s i (x), are as well polynomials with integer coefficients (it follows e.g. from the Newton formulas for power sums). Then from (3.3) and (3.4) it follows that {R n (x)} are polynomials with integer coefficients. If now n is a prime, then all i ≤ n − 1 do not divide n. Therefore,
is a polynomial with integer coefficients.
Theorem 3.3. Let k be an integer greater than 1. The sequence of polynomials {R n (x)} defined by the recurrence
with initial conditions
possesses P-property.
Proof. For x = 0 consider the polynomial
being the characteristic polynomial of (3.10). Condition (3.2) clearly holds for it. It is easy to see that T x (z) can have multiple roots on an at most finite set of x's. Indeed, the system
Dividing the sum of the equations by (z − 1) we get
Plugging the roots of this quadratic equation into (3.13) we arrive at an equation in x of finite degree. Thus all the conditions of Theorem 3.2 are valid, and (3.10) plays the role of (3.3) for the polynomial T x (z) (3.12). It is left to check the coincidence of conditions (3.11) and (3.4). Notice that the power sums of the roots of the first equation from (3.13) are s i (x) + 1 where s i (x) are power sums of the roots of (3.12), i = 1, . . . , k. On the other hand the symmetric polynomials σ i (x) of the roots of the first equation of (3.13) are
Using the Newton formulas expressing the power sums via the symmetric sums we get
Solving this recurrence with initial conditions s 1 (x) = 1, s 2 (x) = 1+2x, we find that
Comparing (3.11) and (3.14) we conclude that
that coincides with (3.4). Thus by Theorem 3.2 {R n (x)} possesses the P-property.
Fermat Factors of Natural Numbers Theorem 4.1. (a)
The number
is a Fermat factor of any natural m.
(b) The number
is a Fermat factor of any natural m ≥ 3.
Proof. (a) Consider the sequence of polynomials {R n (x)} defined in (3.10)-(3.11) and possessing the P-property. Using induction we obtain that
Evidently that along with {R n (x)} the sequence x n 2 R n 1 x possesses the P-property. Furthermore, by (3.7), where {η j (x)} are the roots of T x (z), see (3.12). Let k = 2. Then
(4.5) Let x = m 2 , n = p, an odd prime, and m be not divisible by p. Then,
Multiplying both sides of this congruence by m and using the Fermat theorem we get
Therefore, given p does not divide m,
If m ≡ 0 mod p, the left-hand side of (4.6) is a polynomial in m 2 (here it is essential that p = 2) with all coefficients divisible by p. Therefore, also Proof. Set in (4.4) k = 3. We have
where η i , i = 1, 2, 3, are the roots of T x (z) (3.12),
Therefore,
where 4.13) are the roots of T 1 x (z) (4.11),
Moreover, the polynomials x n 2 R n 1 x are integer-valued for integer x, and possess the P-property.
Let us show that for x ≥ 1 the polynomial T 1 x (z) (4.14) has the unique real root,
and T 1 x (z) has a local maximum in z =
(z) has the unique real root ζ 1 (x), and since T 1
x < 0, we conclude that ζ 1 (x) > 1, and we are done. 
Let n = p ≥ 3, be a prime number, and p does not divide m. By (4.12) 
